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1. Introduction 
The classical theory does not allow one to explain the behavior of 

the Euler disk without invoking additional forces. In [1] it is shown that 
taking into account the influence of air also does not allow finding an 
acceptable explanation. Hope is pinned on the effect of sliding friction, but 
there is no strict solution, and intuitive hopes only for this friction are 
poorly substantiated - see, for example, [2]. There is, apparently, no 
explanation for the transition from rotation of the disk around the vertical 
diameter to rotation in a circle in an inclined position. If the disc slides in 
a circle, then it is apparently necessary to take into account also the 
centrifugal force. But, the main thing that surprises us is why the disc does 
not fall, but rotates long enough? 

Below is an attempt to find answers to these questions. The article 
is a revised version of article [6]. We warn the reader in advance that the 
answers were obtained on the condition that the centrifugal force and the 
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Coriolis force are real, and not fictitious, forces. A mathematical proof of 
this fact is given in [3]. 

 
2. Equations of state 
In fig. 1 shows the Euler disk. Table 1 of Appendix 1 lists the 

parameters of the state of the disc at the initial moment 1 and at the 

moment 2, when the disc is in a position at which the angle ∝< 𝜋 2⁄ . The 
definition of these parameters is given in Appendix 1. At moment 1, there 
is only rotation around the vertical axis of the disk. At moment 2, partial 

rotation appears additionally. The force of gravity 𝑚𝑔 also appears, the 
vector of which passes the point of rotation O. Because of this, a decrease 
in the potential energy of the top appears 

𝑊𝑃 = 𝑚𝑔ℎ(1 − sin ∝)     (1) 
- see the formula or (clause 2.7) in Appendix 2. 
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Fig. 1. 
 
We write for moment 2 the equations of the laws of conservation of 

momentum 𝐿 and energy 𝑊, which do not depend on how and by what 
forces the disk entered this state: 

𝐿2 + 𝐿4 = 𝐿1,      (2) 

𝑊2 + 𝑊4 + 𝑊𝑃 = 𝑊1.     (3) 
Substituting the equations from table. 1 into equations (1, 2), we obtain: 

𝐽2𝜔2 + 𝐽3𝜔3 = 𝐽1𝜔1,     (4) 
1

4
𝐽2𝜔2

2 +
1

4
𝐽3𝜔3

2 + 𝑊𝑃 =
1

4
𝐽2𝜔1

2.   (5) 

where 𝜔1, 𝜔2 are the angular speeds of rotation of the disk at times 1 and 

2, 𝜔3 is the angular speed of partial rotation. From (4) we find: 
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𝜔3 =
𝐽2

𝐽3
(

1

2
𝜔1 − 𝜔2).     (6) 

Substituting (6) into (5), we find: 

1

4
𝐽2𝜔2

2 +
1

4
𝐽3 (

𝐽2

𝐽3
(

1

2
𝜔1 − 𝜔2))

2

+ 𝑊𝑃 =
1

4
𝐽2𝜔1

2. (7) 

Appendix 2 shows (see (item 2.9)) that 

𝑊𝑃 = 𝑞𝐽2𝜔3
2        (8) 

where 𝑞 is a constant - see (item 2.10) in Appendix 2. From (7, 8) we 
obtain: 

1

4
𝐽2𝜔2

2 +
1

4
𝐽3𝜔3

2 + 𝑞ℎ𝐽2𝜔3
2 =

1

4
𝐽2𝜔1

2   (9) 

We denote 

𝑎 =
𝐽2

𝐽3
,       (10) 

𝑏 = (1 + 4𝑞𝑎).     (11) 
Then from (9, 10, 11) we get: 

𝑎𝜔2
2 + 𝑏𝜔3

2 = 𝑎𝜔1
2.     (12) 

From (10, 6, 12) we find 

𝑎𝜔2
2 + 𝑏(𝜔1 − 𝜔2)2 = 𝑎𝜔1

2,    (13) 
or  

(𝑏 + 𝑎)𝜔2
2 − 2𝑏𝜔1𝜔2 + (𝑏 − 𝑎)𝜔1

2 = 0,  (14) 
Solving (14), we get: 

𝜔2 =
𝜔1

(𝑏+𝑎)
(𝑏 ± 𝑎).     (16) 

It follows from experiments that 𝜔2 ≠ 𝜔1. Then 

𝜔2 =
(𝑏−𝑎)

(𝑏+𝑎)
𝜔1.     (17) 

From (6, 17) we find  

𝜔3 = 𝑎 (
1

2
𝜔1 − 𝜔2) =

𝑎(3𝑎−𝑏)

2(𝑏+𝑎)
𝜔1.   (18) 

From (18) we find  

𝜔1 =
2(𝑏+𝑎)

𝑎(3𝑎−𝑏)
𝜔3.     (18а) 

From (18а, 17) we find  

𝜔2 =
(𝑏−𝑎)

(𝑏+𝑎)

2(𝑏+𝑎)

𝑎(3𝑎−𝑏)
𝜔3 =

2(𝑏−𝑎)

𝑎(3𝑎−𝑏)
𝜔3.   (18b) 

The disc is tilted by gravity 𝑚𝑔. The transformation of this energy 
into the kinetic energy of the rotational motion of the top occurs due to 
the fact that in the process of falling on it, as is known, the Coriolis force 

𝐹1 acts, which creates a torque and the corresponding angular velocity of 

precession 𝜔3. 
The fall of the disk is counteracted, as you know, by another Coriolis 

force 𝐹2. The disc falls very slowly. This means that the force 𝐹2 is 
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approximately equal to the force of gravity - see Appendix 2. Obviously, 
with such deceleration, the source of this force consumes energy 

approximately equal to 𝑊𝑃. Therefore, there is a source of energy for this 
force. But this assumption is thwarted by the persistent modern view that 
the Coriolis force is a fictitious force. And a fictitious force cannot deliver 
energy ... 

 

3. Disc sustainability 
In Appendix 2 it is shown that for some ∝=∝о the Coriolis force 𝐹2 

balances the horizontal centrifugal force 𝐹3 and the vertical gravity 𝑚𝑔 - 
see (item 2.3) and (item 2.5). 

Until this speed is reached, the disk gradually falls under the action 

of the force 𝐹4, determined from (p2.6a) and calculated as a result of the 

interaction of the Coriolis force and the force of gravity. When 𝐹4 = 0, 
the fall process stops. But for this, the disc must start to fall. 

At ∝= 0 it is seen that 𝐹4 = 𝑚𝑔. But this force is directed vertically 
and cannot cause falls. Thus, to start the fall, an external force must bring 
it out of its vertical position. 

 

4. Conclusions 
So, the action of the Coriolis forces leads to the fact that 

• when the disk falls, it loses the kinetic energy received during 
launch, but replenishes it due to potential energy; 

• there is such an inclined position of the disk, in which the Coriolis 
force balances the horizontal centrifugal force and vertical 
gravity; 

• in this position, the kinetic energy of the disk remains unchanged 
and equal to the kinetic energy obtained during launch; 

• the fall of the disc from the specified stable position is caused by 
a gradual decrease in its kinetic energy due to deceleration; 

• the slow fall of the disc is due to the braking due to the second 
Coriolis force, which must consume energy for this (like the 
braking engine of a descending satellite), 

 
Such an action of these Coriolis and centrifugal forces is possible 

only if they can do work, i.e. are real powers. This proves the reality of 
these forces. On the other hand, a mathematical proof of this fact is given 
in [1]. It is shown there that these forces can be substantiated as a 
consequence of Maxwell's equations for gravitomagnetism, and the source 
of energy for this force is the Earth's gravitational field. But even in the 
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absence of such evidence, there are many doubts in the assertion that these 
forces are fictitious [2]. 

In Appendix 2 it is shown that the inequality 𝑟 ≥ 𝑅 follows from 

the equations of the disk. Modeling shows that for 𝑟 > 𝑅 there is a certain 

angle ∝, where all parameters of the disk state take an infinite value. Thus, 
the condition 

𝑟 = 𝑅.      (19) 

 
 

The above equations make it possible to find all the parameters of 

the disk for a given 𝑚 and R. In table. 1 shows some examples in system 

SI. The graphs of the functions 𝜔1,  𝜔2,  𝜔3 and the specific Coriolis force 

𝐹2 𝑚⁄  at 𝜔1 = 1000 and 𝑅 = 0.25 are shown below - see Fig. 2. It can 

be seen that there is a sharp maximum at ∝≈ 𝜋/2, where the Coriolis 
force takes the greatest value. At this point, the disc remains in a stable 
state for a long time - see fig. 3 from [5]. 

Another experiment is considered in Appendix 4, where it is shown 
that the considered forces act on each element of the disk. 
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Fig. 3. 

 
 

Appendix 1 
Here we will determine the parameters of the state of the disk at 

moments 1 and 2. In table. 1 shows the basic formulas, where the following 
designations are adopted 

∝ is the angle of inclination of the disk to the rolling plane, 

𝑚 is the mass of the disk, 

𝑔 is acceleration of gravity, 

𝑚𝑔 is gravity, 

𝑅 is the radius of the disk, 

ℎ is the height of the center of the disc - see fig. 1, 

𝜔1 is angular velocity of rotation of the disk around the vertical 
diameter at the moment 1, 

𝜔2  is angular speed of rotation of the disk around the vertical 
diameter at the moment 2, 

𝜔3  is angular velocity of partial rotation at moment 2, 

𝑣 is linear speed of precession, 

𝐽 is angular momentum, 

𝑊 is energy. 
From fig. 1 follows: 

ℎ = 𝑅tg(∝).      (п1.0) 
From table. 1 follows: 

𝑎 =
𝐽2

𝐽3
= 1 1.5⁄ ,     (п1.1) 
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The linear speed of precession is the speed of movement of pixel B at the 

radius AB, rotating with the angular speed 𝜔3 (see Fig. 1): 

𝑣 = 𝜔3(𝑟 − 𝑅cos(∝)).    (п1.3) 

 
Table 1. 

 Angular 
speed 

Moment of 
inertia 

Moment of 
momentum 

Kinetic energy 

Rotation of 
the disc 
around its 
own vertical 
axis 

𝜔1 𝐽1 =
1

4
𝑚𝑅2 𝐿1 = 𝐽1𝜔1 

𝑊1 =
1

2
𝐿1𝜔12

=
1

8
𝐽1𝜔1

2 

Rotation of 
a disk 
inclined at 

an angle ∝ 
to the plane 
around the 
proper axis 

𝜔2 𝐽2 =
1

2
𝑚𝑅2 𝐿2 = 𝐽2𝜔2 

𝑊2 =
1

2
𝐿2𝜔2

=
1

4
𝐽2𝜔2

2 

Partial 
motion of a 
top inclined 
at an angle 

∝ to the 
plane. 

𝜔3 

𝐽3 = 𝐽2 + 𝑚𝑅2 (Steiner's theorem) 

𝐽3 = 𝑎 ∙ 𝑚𝑅2 , when 𝑎 = 1.5 

 
 𝐿3 = 𝐽3𝜔3 =

1

2𝑎
𝑚𝑅2𝜔3 

  
𝑊3 =

1

2
𝐿3𝜔3

=
1

4
𝐽3𝜔3

2 = 

=
1

4𝑎
𝑚𝑅2𝜔3

2 

 

Appendix 2 
The fall of the disk is counteracted by the Coriolis force. 

𝐹2 = −2𝑚𝜔2 × 𝑣,      (п2.1) 

where 𝑣 is the linear speed of precession (p1.3), and the centrifugal force 

𝐹3 = −𝑚𝜔3
2(𝑟 − 𝑅cos(∝))     (п2.2) 

In the steady state, the force 𝐹3 and the force of gravity mg are 

balanced by the force 𝐹2 - see fig. 1. Therefore, from (item 2.1, item 2.2, 
item 1.3) we find: 
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𝐹2 = −
𝐹3

sin(∝)
= 𝑚𝜔3

2(𝑟 − 𝑅cos(∝))/sin(∝),   (п2.4) 

𝑚𝑔 = −𝐹2cos(∝) = 𝑚𝜔3
2(𝑟 − 𝑅cos(∝)) ∙ ctg(∝) (п2.5) 

or 

𝑔 = 𝜔3
2𝑅 (

𝑟

ℎ
− cos(∝)) ∙ ctg(∝).     (п2.6) 

If this equality is not satisfied, then the disk falls under the action of the 
force determined from (item 2.5): 

𝐹4 = 𝑚𝑔 − 𝑚𝜔3
2(𝑟 − 𝑅cos(∝)) ∙ ctg(∝)   (п2.6а) 

It is seen that the solution to this equation exists only for 

𝑟 ≥ 𝑅.       (п2.6а). 
Consequently, condition (п2.6а) is always satisfied for the Euler disk. 

 

When tilted at an angle ∝, the disk is displaced vertically by 

𝑅(1 − sin ∝) and, therefore, loses potential energy  

𝑊𝑃 = 𝑚𝑔𝑅(1 − sin ∝).      (п2.7) 

Combining this formula with (item 2.6), we find: 

𝑊𝑃 = 𝑚𝜔3
2𝑅 (

𝑟

𝑅
− cos(∝)) ctg(∝)(1 − sin ∝).   (п2.8) 

Next, we will combine this formula with the formula for 𝐽2 from table. 1. 
Then we find 

𝑊𝑃 =
2𝐽2

𝑚𝑅2 𝑚𝜔3
2𝑅2 (

𝑟

𝑅
− cos(∝)) ctg(∝)(1 − sin ∝).   

or 

𝑊𝑃 = 𝑞𝐽2𝜔3
2        (п2.9) 

where 

𝑞 = 2 (
𝑟

𝑅
− cos(∝)) ctg(∝)(1 − sin ∝).   (п2.10) 

 

Appendix 3 
Here we will consider in more detail the Coriolis force 𝐹2, 

determined by (п2.1): 

𝐹2 = 2𝑚𝜔2𝜔3𝜔3
2𝑅 (

𝑟

𝑅
− cos(∝)),   (п3.1) 

From (item 3.1, 18b) we find 

𝐹2 = −2𝑚𝜔3
2𝑅 (

𝑟

𝑅
− cos(∝)) 𝜔3

2 2(𝑏−𝑎)

𝑎(3𝑎−𝑏)
   (п3.2) 

or 

𝐹2 = −2𝑚𝜔3
2𝑅 (

𝑟

𝑅
− cos(∝)) 𝜔1

2
2(𝑏 − 𝑎)

𝑎(3𝑎 − 𝑏)
(

2(𝑏 + 𝑎)

𝑎(3𝑎 − 𝑏)
)

2

 

or 
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𝐹2 = −2𝑚𝜔1
2𝑅𝑎𝑓 ,     (п3.3) 

where 

𝑎𝑓 = 2 (
𝑟

𝑅
− cos(∝)) (𝑏 − 𝑎)(𝑏 + 𝑎)2 (

2(𝑏+𝑎)

𝑎(3𝑎−𝑏)
)

3

. (п3.4) 

 

Appendix 4 
An experiment is known from the Internet, shown in Fig. 4. "Chain 

circle" - the CC spins up on a cylinder at high speed and collides from this 
cylinder. In this case, the CC continues to move like a Euler disk, retaining 
its shape. Here, forces A and B act on each link in the chain. 

From the previous it follows (see Fig. 1) that the force 𝐹2 acts in the 

direction of the vector A, and the force 𝐹3 acts in the direction of the 
vector B. 

In addition, centrifugal force 𝐹5 acts on each link of the chain, 
caused by the rotation of the CC around its own axis. This force is added 

to the force 𝐹2 and ensures that the CC remains in shape. Thus, 𝐴 =
𝐹2+𝐹5 and 𝐵 = 𝐹3. Both of these forces keep the CC from dropping. 

This means that the considered forces act on each element of the 
Euler disk, and in this case, on the links of the chain. 

Omega_3

B

A

Omega_2

 Fig. 4. 
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